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ASYMPTOTIC A N A L Y S I S  OF L O N G I T U D I N A L  

AND B E N D I N G  W A V E S  P R O P A G A T E D  IN  A S Y S T E M  

O F  T W O  P L A T E S  F A S T E N E D  A T  A N  A N G L E  

E .  V.  M i k h a i l o v a  UDC 517.9 : 62~t.07-415 

1. We in t roduce  two coord ina te  s y s t e m s  so  that  in the left  plate  x 1-< 0 while  in the r igh t  x e >0 (Fig. 1). 
The z 1 and z 2 axes a r e  he re  d i r ec t ed  n o r m a l l y  to  the  plate  s u r f a c e s  so  that  the  t w o h a l f - p l a n e s  {z I =0 fo r  xl-<0 
and z 2 =0 fo r  x 2 _>0) would coincide  with t h e i r  neu t ra l  p lanes .  The y axis  is a long the  l ine connect ing the p la tes .  
Let an incident s inusoidal  wave  be p ropaga ted  in the left  p la te .  We examine  the condi t ions  fo r  its pa s sage  
through the boundary .  

The plate  v ibra t ions  a re  d e s c r i b e d  by the fol lowing di f ferent ia l  equat ions  

D(O4w/Ox a -}- 2O4w/Ox2Oy ~ + Oaw/c~y a) -{- phO~w/Ot ~ = 0; (1.1) 

~ ) Eh ( O'u 4 l--v O'u t - { - v  O~v 02u 
1 - -  ~2 2 8y 2 2 OxOv Ot ~ ~ - ~ 7 "  -~ = ph ; (1.2) 

Eh , ( 1 - -  ~ c?~v a2~, i + v O~u ) O~v 
\ 2 Ox 2 ~- ~ + T 0xo------~- = ph-~i-, (1.3) 

where  h is the th ickness  of the p la tes ;  E,  e l a s t i c  modulus ;  v, P o i s s o n  ra t io ;  and D, bending s t i f fness .  

D i sp lacemen t s  v i, v 2 of points  of the plate neu t ra l  p lanes  along the  y axis  dur ing  v ibra t ions  ul, u 2 along 
the xl,  x 2 axes  will  c h a r a c t e r i z e  the wave  in the p lanes  of the p la tes  while the d i s p l a c e m e n t s  wl,  w 2 along the 
zl, x 2 axes ,  r e s p e c t i v e l y ,  a r e  bending waves  [1, 2]. 

Solutions of the p r o b l e m  should sa t i s fy  eight boundary  condit ions on the  h i n g e - s u p p o r t e d  edges 

w = ~ = Ov/Oy = o~w/oy~ = 0 (v -- 0, l) (1.4) 

and eight junc ture  condit ions on a c o m m o n  edge (x =0) 

ui ~ u2cos (p ,-+- w~sin q); (1.5) 

w 1 = --u#in q) Jr w2cos qo; (1.6) 

aw~/Ox~ = ow,/Ox.,; (1.7) 

(;xi ---- ~x2 cos ~0 + Rx~ sin (~; (1.8) 

B x ,  = - - ( l x ~  sin ~o + Bx2 cos ~0; (1.9) 

l]Ixi = Mx. , ;  (1.10) 

vi---- v'2; (1.11) 

TXlY =. TX2y , (1.12) 

w h e r e  V = ~ - a  (a is the angle be tween the p la tes) ,  axi a re  the n o r m a l  s t r e s s e s ,  ~xiy a r e  the s h e a r  s t r e s s e s ,  
Mxi a r e  bending m o m e n t s  r e l a t ive  to  the  x =0 axis ,  Qxi + 0MxiY/0Y (Qxi is the  t r a n s v e r s e  fo rce ,  Mxiy is the 
to rque) ,  i = 1 , 2 .  

2. Let  us f i r s t  cons ide r  the  p a r t i c u l a r  ease  of the  plane p r o b l e m  (/=0o). Then v =0,  the  solut ions  a r e  
independent of the va r i ab le  y and the boundary  condit ions (1.4) drop out.  

The junc tu re  condi t ions  on the c o m m o n  edge have the fol lowing f o r m  in th is  case  
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ul = u~ cos r + w~ sin r wl = --u2 sin r + w2 cos q~, Owllazl = ow2lax2, 

Elh 1 0 u  1 E2h ~ Ou 2 E~h,~ 03w 2 
20xo COS q) - -  " sin q), t - - v ~ 0 x  1 t - - v 2  . t 2 ( l - - v ~ )  Ozao 

Elh ~ a~zl Eoh~ au~ sin q9 -}- Z'zh~ 0 ~ 2  
t 2 ( t - - ~ )  8x~ l--~'--v~ax 2 t2(1--~r ax~ cosq~, 

Eih31 a2w 1 E~h~ a2w 2 

Let  us  r e d u c e  (1ol ) - (1 .3)  t o  d i m e n s i o n l e s s  f o r m .  To  do t h i s  w e  i n t r o d u c e  t h e  d i m e n s i o n l e s s  c o o r d i n a t e s  

= x / h i ,  V = Y / h 1 ,  t h e  d i m e n s i o n l e s s  v a r i a b l e s  u * = u / h  l ,  v * = v / h  l ,  w *  = w / h i ,  and t h e  d i m e n s i o n l e s s  t i m e  

= ~ct/h 1 = "VE/p(I --  v~)(t/ht). 

We then  ob ta in  (for each of the  p la tes)  

t + ~ 0%* a~u * ( 2 . 1 )  
O~ 2 -~- 2 all 2 " O~ 2 ; 

t - - ,  "a~v * + a~v....._~ * t + ~ a2u * ~ �9 (2.2) a~----~-,~ an~ + '  ~ a~a~ = --~V-~ 2 '  

AAw* + 12(h~/hh)~a2tv*/a,~2 = 0. (2.3) 

Here  k = 1 or  2 depending  onto w h i c h  pla te  we apply the  equa t ion  aw* = 0~w*/a~, + a~w*/an ~ 

We w r i t e  the pla te  j u n c t u r e  condi t ions  in the case  E1 =E2, vl =/22 as  

u~ = u~ cos q9 + w2 sin r (2~ 

wl = - -  u2 sin cp @ wz cos 9; (2.5) 

Ow~lO~l = o w ~ l a ~ ;  (2.6) 

sin q~; (2.7) a~i = ~ ~ cos r - ~ \ ~ / ~ 

t a Z ~  hz au2 sin 4 cosq~; (2~ 
i2 a~a h i a~2 

a~i . . . .  ~ ~ ! ~ .  (2.9) 

Let the  inc iden t  waves  have the f o r m  

w* = W~le i (~* ' -v~ , ) ;  (2.10) 

u* = uole~(~~ ), (2.11) 

~  a r o  
' 01 

Wol = wol/hl; uel = Uol/h I 

(we c o n s i d e r  t h e  a m p l i t u d e s  w0l , u01 g i v e n ) .  

P a r t  of  t h e  w a v e  b e i n g  p r o p a g a t e d  o v e r  t h e  l e f t  p l a t e  w i l l  p a s s  t h r o u g h  t h e  e d g e  t o  t h e  r i g h t ,  and p a r t  of 

t h e  w a v e  w i l l  be  r e f l e c t e d  b a c k w a r d .  

F o r  t h e  l e f t  p l a t e  t h e  r e f l e c t e d  b e n d i n g  w a v e  h a s  t h e  f o r m  

727 



w* = , , ~ ' (  ~*~+~ 0 + w ~ o ~ , ~ ,  (~.1 ~) 

where  the f i r s t  t e r m  is a h a r m o n i c  wave and the second is an edge ef fec t .  

The longitudinal  r e f l ec t ed  wave  ha s  the f o r m  

Fo r  the r ight  p la te  we  have 

w* w;o~(~*~-+, )+  '* _ *  . = * . �9 = w2 e v~2e~*~, u* u2e~(~*~-%~t). (2.14) 

The values  of ~/l~' al~ a re  found f r o m  (2.1) and (2.3) upon subs t i tu t ion  o f  solut ions  in the  above -men t ioned  
f o r m :  

�9 = ~ u l / "  * 
2:/-o)*, a ~ = c %  ( k = t ,  2). ~ * 

I / h a  

Substitution of (2.10)-(2.14) in (2.4)-(2.9) y ie lds  the fo l lowing s y s t e m  of s ix l inear  equations (with s ix 
u~nown Oimensio~ess  amplitudes w3 ,  w~*, w~*, w~'*, u~*, u2*): 

~0~ + ~ ----- ~ r162 + (w~ -~' ~'*~, ~ si.  r (2.15) 
�9 ' * t*  , * t ,  

w01-4- w~ -4- Wl = u~ s in  ~ -~ (w~ -4- - -  w.z ) cos r (2.16) 

~,'; ( -  ~ ,  + ~ + ~',*) = v; ( -  ~;  - ~';*); (2.17) 

a ~ ( - -  ,uo, . §  --  a.. tu. cos ~ o .  ~-. (7,) ~ - ~ )  (--'zw,* § w;*) sin ~o; (2.18) 

, h~ . , .  ( ~ , ? ~ _ . ,  
,w, ~-- tu~ sm r -4- (7;)s tw.~ -4- w~*) cos ~; (2.19) ( h , )  , 

(~;)~ ( -  ~o*~- ~; + ~i*) = (~;)~ ( ~ V  ~_ * '* k h ' ]  " w~.4.w.z). (2.20) 

We shal l  seek  the a sympto t i c  solut ion of the  s y s t e m  (2.15)- (2.20) under  the a s s u m p t i o n  that  the angle a 
between the p la tes  is not sma l l  no r  c lose  to  ~. 

Let us in t roduce  the p a r a m e t e r  k = ]/'~-~ = ~/~_~ V - 7 - - '  which is hence fo r th  c o n s i d e r e d  sma l l .  Let  

us use t h e  notat ion h i / c  = T  0, 2v/w = T  w. T h e  s m a l l n e s s  of the  p a r a m e t e r  k m e a n s  that  the t ime  fo r  the wave  
to  pass  the  d i s tance  h is much  l e s s  than  the  per iod  2~/w.  

After  dividing both s ides  of {2.19) by the quant i ty  a2*h2/hi, we obtain 

t h, ~*"~[-~w0*~+~w; ' *  * ~ f ~ Y "  �9 * '* - w, ] = zu2 sin ~ .§ ~/~ ~ al ) o)*'/'- ( -  ~w~ .§ w, ), 

f r o m  which t he re  fol lows in the z e r o  app rox ima t ion  6f~o * = k = 0) 

u~ = 0 (sin r :/= 0). (2.21) 

Dividing (2.18) by ~1" and taking (2.21) into account ,  we obtain 

. ,  . ,  t {h~ /~o)* l /~  ~ �9 * '* = tw~ -}- w~ ) s i n  % - , U o , + , ~ ,  ~ k ~ /  " -  

f rom which  

u~ * = u01. (2.22) 

Taking account  of (2.21) and (2.22), equat ions  (2.15) and (2.16) a r e  conver t ed  as  fol lows 

'* * 2 * ( 2 . 2 3 )  w~ = - -  w~ -4- ~ no1; 

'* * * cosr * (2.24) wl = - -  wo~ - -  w1 -4- 2 . nO1. 
s i n  

Substi tut ing (2~ and (2.24) into (2.17) and (2.20), and t r a n s p o s i n g  t h e t e r m s  conta in ing the  known d i m e n -  
�9 w0~ to  the  r igh t  s ide ,  we obtain a s y s t e m  of two l i n e a r  equa t ions 'wi th  two uulmowns s ion less  ampl i tudes  u01 , 

W ~ ,  W* ~ whose solution has the form 
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W 1 ~--- - -  

I I  '/h<'k~'121 (h='~l~] , [h.~ksi~p (h i  ~il= l 
l,,,, L ]}=o<,. 

(h~4,~ 1 =0,,: ~ ['+,n,,, 
kz[) J 

~ -  wo, -t ~o*~. 

[~+t~)  J t~)  J 
T h e r e f o r e ,  in a z e r o  a p p r o x i m a t i o n  the  l o n g i t u d i n a l  wave  is  r e f l e c t e d  e n t i r e l y  f r o m  the  r i b  a s  f r o m  a 

f r e e  edge  and is  r e t u r n e d  b a c k w a r d ;  i t  h e r e  g e n e r a t e s  two bend ing  w a v e s .  The bend ing  p e r t u r b a t i o n  g e n e r a t e s  
jus t  bend ing  w a v e s ,  w h e r e  the  t r a n s f e r  of t he  p e r t u r b a t i o n  f r o m  the  bend ing  w a v e  is  independen t  of the  ang le  
b e t w e e n  the  p l a t e s  (under  the  a s s u m p t i o n  tha t  ~o ~0 ,  ~o ;~ 7r). The  s o l u t i o n  is  independen t  of the  v i b r a t i o n  f r e -  
quency  w. F o r  ~ =r/2  we have  

ItS" 2 

./h~k~l=l 
�9 = _  ~ + ~ t ~ )  / �9 

w, V 7 ( "~ '~1  Wo,+ 
+ t~)  J L 

U,O 1,~ ' 

[~+ th-7) J 

" { [ '  ,I" " W01 JF" '1 -i-" ( % ~ 5/'2 I"I"01' u l  = ~'I'01' ~I ---- O. 

' + t h e )  ]J 

3. Let  us e x a m i n e  the  q u e s t i o n  of the  t r a n s f e r  of w a v e  e n e r g y .  We w r i t e  the  f o r m u l a s  d e s c r i b i n g  the  
w a v e  mov ing  in t he  x d i r e c t i o n  

w = w o sin (c0t -~- yx), u = u 0 sin (cot -t- ~x). (3.1) 

We t a k e  the  bend ing  w a v e  and w e  compu te  the  k ine t i c  and po t en t i a l  e n e r g y  o n s o m e  of i t s  l ength  

0 -e- 2n y , :  

ph~ ~' ' 2 ph~hlc2 f phkhtc~ * ~, ..o a 
r ~ =  ~ - J ( w , )  d , = - - ~ - - ~ ( w F ) a = *  = ~ , ~ o ,  ~ r-~,~ 

$ $$  ~ h  

k = i t 2 ,  s * = s / h  r 

Subs t i t u t ing  (3.1) (in d i m e n s i o n l e s s  f o r m )  into (2.3) y i e l d s  t he  r e l a t i o n s h i p  (T*) 4= 12 {hl/hk)2 (w*)2 which  m e a n s  
tha t  the  k ine t i c  e n e r g y  of the  p l a t e  bend ing  w a v e  equa l s  i t s  po t en t i a l  e n e r g y  T w = II~. 

It can  be  shown a n a l o g o u s l y  tha t  r~ = r&. 

Now, in o r d e r  to  v e r i f y  s a t i s f a c t i o n  of the  e n e r g y  b a l a n c e  E 0 =E 1 +E2, it  is  su f f i c i en t  to  show tha t  T O = 
T 1 + T 2 �9 

F o r  s i m p l i c i t y ,  we  c o n s i d e r  tha t  only  the  bend ing  p e r t u r b a t i o n  w* * ~ ( ~ * ~ - ~  is  d e l i v e r e d  to  the  l e f t  ~--- w01e 
p l a t e .  

In the  z e r o t h  a p p r o x i m a t i o n  t h i s  wave  g e n e r a t e s  only bend ing  w a v e s  wi th  t he  d i m e n s i o n l e s s  a m p l i t u d e s  
wl*, w2*, which  a r e  d e t e r m i n e d  f r o m  the  f o r m u l a s  

. t~ ,s  J .  . (' - 'l k ,~" 
=-r (,,~V,~I Wo,,,,,:= f , + 7 - ~  o,. 

L~+L~) J L t ~ ]  J 
Let us examine the reduced (dimensionless) kinetic energy of the plate bending wave. To do this, we 

div ide  T w by the  q u a n t i t y  pe2h~ 

= {o~,)-~> 2 y ~  Wo k= , ,  . 
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The energy T~,o +IWoll 2 0o*) 2 ~ = -7 ,  was fed to the edge along the left plate,  while the energy 
?z 

T *  * T* i o a i * 2 �9 h., 

" 7 l  "ro- 

�9 , [ ] q ~ l f ~  

Iv); F + I v); i~ ( ~~ Y'~ 

[ J 
Therefore, the energy balance is sa t i s f ied .  

/ ho- ~3/2 * r the amplitude coefficient of bending wave energy  passage ,  and Let us designate the quantity [h-~') I v)o. 

the quantity lwl*i 2 as ampli tude ref lec t ion  coeff icient :  
/ ho- \ ~/2 . 

= I v ) # ,  = Iv): r ,  + = 

(such an input per turbat ion  w01 is taken that [w~l [2 =1). 

In o rde r  for  the m a j o r  par t  of the energy  to be re f lec ted  f r o m  the edge, the condition Kpa w > Kpa w or  

[ l _  (//~)~/21o->0 must  be sa t is f ied.  

There fo re ,  in a zeroth  approximat ion  (k=0), when the pla tes  a re  of tcientical th ickness ,  half the energy  
pa s se s  through the edge; if the plate th icknesses  a re  dist inct ,  then the m a j o r p a r t  of the energy  is always r e -  
turned (the assumpt ion  that the angle between the p la tes  is not smal l  and c lose  to ~r is retained).  

Limit  ca ses :  1. The right plate is much th inner  than the left  h2/hl ~ 0  , then Kref~--Iv)l  12"" t, ~paw~ 
(hjh:)51~ -~ 0, i~ in p rac t i ce  all the energy  is r e tu rned  backward (Fig. 2). 

2. Left plate  is much th inner  than the right 

hJh  2 -+ O, Krefw .-. l ,  Kpaw ~ (hJho-) 5/2 -+ O. 

In this  case  a lmost  all the energy  is also re turned backward (Fig. 3). 

If the angle between the pla tes  iS a =,v(cp =0), then the zeroth  approximat ion  yields  the following expres-- 
sions for  the ampli tudes  

U 1 = /2 2 ~ 0 ,  

~:' = v)o'~, { I [ ]'t,2 ~3/O- [ hl'~I/2 I i j h2 \I/2 1,2 3."2 ( b,l ~I.i2 12 (~ ._} h2 ~ 

r/hoW (h1"V''l[ [,,o-W~l 
I/)2 ~ ' //901" 

Lt, h,) § J t,~) JJ-Lt'-;T/ - ( ~ )  J t ~)  
Here  Krefw ~ 0, Kpa w ~1 fo r  p la tes  of identical th ickness ,  while if h2/h I ~ 0 or  h i /h  2 ~ 0, Krefw ~1, 

Kpa w ~ 0 .  

4. Let us tu rn  to the genera l  ease  when vibra t ions  occur  in all t h ree  d i rec t ions .  The wave in the x axis  
di rect ion (in d imens ionless  form)  is descr ibed  by the fo rmulas  

u*(~, ~1) = u* sin ~*q sin (r -- r (4.1) 

v*(L ,1) = v* cos 2~*~1 cos (~*~ - -  o)*~); (4.2) 

w*(~, ~1) = ~* sin ~.*q si~ (?*~ -- o)*~), (4.3) 
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K~~ / Kref 

0 i 3 5 ? 9 
he I~ 

F i g .  2 

�9 ~o., [ 

q ~ ' - ' ~  Kre f 

F i g .  3 

I %,o 

Kn% 1.' '  L Kref 

a.e FL " - . - =  ~- 
0 i 3 5 2 ,P 0 

h a/'h I 

Kref 
- I g ,, 

i 3 5 7 g 
h z / h~ 

F i g .  4 F ig .  5 

w h e r e  ~,* =hh l ,  and  t h e  p a r a m e t e r  X is  s u c h  tha t  a n  i n t e g e r  n u m b e r  of h a l f - w a v e s  1 0r/X) = n  i s  p a c k e d  a long  a 
c o m m o n  edge  of l e n g t h  l ,  w h e r e  n i s  a n  i n t e g e r .  

S u b s t i t u t i n g  (4.3) i n to  (2.3), we  o b t a i n  

h __ _ ~*a. 
(~;~ + ~'~)~--- ~2 (~/;,~)~ % ~ = ~, 2, ~ e ~  (~*)L ~= -* ~ l q ~  ~* 

Substituting (4.1) and (4.2) into (2.1) and (2.2), we obtain a homogeneous s y s t e m  of two l inear  equations 
with two  unknowns  u* and v *  : 

2 ~ q- a*~ q- )~*~ -- a)*~ v* = O. (4.4) 

The e q u a l i t y  of the  d e t e r m i n a n t  of t h i s  s y s t e m  to  z e r o  y i e l d s  a q u a d r a t i c  e q u a t i o n  in  w*2 : 

(0)*~) 2 - -  [(3 --  ~')/2](a .2 + ~*=)o)*z + [(i --  v)/2](a*= + ).2)2 = O. (4.5) 

E q u a t i o n  (4.5) h a s  t h e  r o o t s  

((~ = a*~ ~- )~*', ((~*"h = [(t -- v)/2l(a*= -~ L*=), (4.6) 

w h e r e  the  s o l u t i o n  of t h e  s y s t e m  (4.4) u *  =c~*, v*  = - X *  c o r r e s p o n d s  to  the  f i r s t  r o o t ,  and  u *  = ~ * ,  w = a*. 
to  t h e  s e c o n d .  We  h a v e  f r o m  (4.6) 

Let  u s  i n t r o d u c e  t h e  n o t a t i o n  

( c ~ * ~ ) , =  (o**" - -  s (~z*=).a = [ 2 / ( 1  - -  v ) ] ~ )  ** - -  ~.*~'. 

if  

( a * ) 2  = __(c~.2): = ~.2 __ r (a'*) 2 = --(r = ~*z __ [2/(t --  v)]~o *~, 

(hl/h~)'Vi"2-~* > E*=, to* :> s {4.7) 

t h e n  ~, *, T ' *  a r e  r e a l  a n d  a * ,  ~ ' *  a r e  p u r e  i m a g i n a r y .  We c o n s i d e r  tha t  j u s t  t h e  b e n d i n g  p e r t u r b a t i o n  w* = 
sin ~.*~lwolet(~**-~h ) w i t h  t h e  g i v e n  a m p l i t u d e  w0i {w~ =w01/hi)  i s  d e l i v e r e d  to  t h e  i n p u t .  We w r i t e  the  s o l u t i o n  
at t he  ou tput  i n  t he  f o l l o w i n g  f o r m :  

Left  p l a t e  

w* = s ins  1 w~e i('~**+~*g') q- wl e ], 
$ 

�9 $ , . i(O*~ ~ i ~  1 r U* slrt~, 'q [ulo~le e 7 " '* 

* ' * . . . .  ~** ~' i*~ l  l v* = cos )v*l 1 [zq)Je~**e%tl  _,L U'l a l  e e j; 
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Right plate  
, ' $  ] r ( 

~* = ~in ~*,~ w j  -~" + .,. ~ - ,  
�9 * $ t ,  

: U2Of, l e  e i l t2  /~, e e " J~; 

----- COS~'*~] [u*~'*e~e*~e-a~;2L" ,, ,, ~*v -~2 ~'z] v $ . . - - I t 2  0$.~ e e J, 

hence,  the wave  o c c u r s  in the same  domain  w h e r e  condit ion (4.7) is sa t i s f ied .  The solut ion in the a b o v e - m e n -  
t ioned f o r m  sa t i s f i e s  the  eight  boundary  condit ions (1.4). Substituting this  solut ion in the junc tu re  condi t ions  on 
a c o m m o n  edge (1.5)- (1.12) (in the ze ro th  approximat ion)  under  the a s s u m p t i o n  that  r ~ 0 (k~ ( ~ - r  ~ 0)k0), we 
obtain tha t  the bending pe r t u rba t i on  g e n e r a t e s  only beading waves  with the  ampl i tudes  

, [(~;)" + (~',) ]~', + ~ h, j [(ff)~ + b;*)"] ~', + 
W 1 ~ - -  -9- 

[(~,) +(~', )] - + t ~ )  L(,~) ~ ( ~  )]~'~ + (4.8) 

WOI , 

+ '  (~,) + (~,) ] '~ + /~,,] .[(~)-+ (~'~)1 ~, 
�9 * 2 r t ,  2 * 

�9 2 ' [ ( ~ ' 1 )  - F ( ~ '  1 ) ] 4 1  
W 2 ~ - -  . .-).  

1,, + 

--+ tl)Ol ~ 

�9 ( ~ )  ]~  + '  [(~)~+ (~;*)0~] ~ + T, [(~;)~ + '*~ 

which a re  independent  (as in the  plane p rob lem)  of the angle between the p la tes .  

If we set  Ti* ~ / i  (i = ] ,  2) (~ = 0), which c o r r e s p o n d s  to  the case  when t h e r e  a r e  no v ibra t ions  in the y 
d i rec t ion  (infinitely wide pla tes) ,  then (4.8) is r educed  to  the s a m e  r e s u l t s  as in Sec.  2. 

Execut ing ca lcu la t ions  analogous  to  the ca lcu la t ions  in Sec.  3, we obtain that  even in this  case  the  k inet ic  
ene rgy  of the plate  bending wave  equals  its potent ial  e n e r g y :  

�9 * * = A ~ I  * = - - -  ~ , k = l , 2 ,  Kp~,, I~ I  ~, 2 h 1 ' ?~ 

�9 * 2  I P~ 2 

= (& '?  v~ (v:) ~-(v.. ) I w ; i  ~. 

All the exposition above is true for ~fw * << I. 

Graphs of the dependences of the bending wave reflection and passage coefficients on the ratio between 
the plate thicknesses are given in Figs. 4 and 5 for different values of the parameters w* and )t* (Fig. 4: o)* = 
0.01, line 1) k* =0.005; 0.009; (Fig~ 5: o~* =0oi; line 1) k* =0.99, 2) ?t* =0.005; 0.009; 0.02). It is seen from 
Figs. 4 and 5 that the curves differ negligibly from the curves in Fig. 2. 

Therefore, if the parameter w* is sufficiently small, the plane problem, which is simpler, can be con- 
sidered instead of the general case. 

] �9 
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